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Abstract
Centrifugal-like potentials V (r)  G=r2 +O(1) may be regularized by a small shift
r = x − i " of the real axis. This enables us to study the (real) energy levels in the
potentials V (r) = r10 + a r8 + b r6 + c r4 + d r2 + G=r2. We show that for certain
couplings the exact and elementary N−plets of bound states may be constructed at
any pre-determined N .
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Central potential of harmonic oscillator V (HO)(~r) = j~rj2 is exactly solvable in any
dimension D = 1; 2; : : : . Indeed, for the `−th partial wave (or parity (−1)` with










 (r) = E  (r); L = `+ (D − 3)=2 (1)
proves always solvable in terms of the Laguerre polynomials [1]. Even an addition of
a centrifugal-like spike in
V (r) = V (HO)(r) +
G
r2
does not violate this exact solvability. This requires just an inessential re-denition
of the numerator











In one dimension a due care must be paid to the singularity with L(L + 1) = G.
In some recent studies of this type of problems one is recommended to employ an
imaginary shift of the coordinate [2, 3], r = x − i ", x 2 (−1;1). This makes the
whole spike smooth and regular near the origin,
L(L+ 1)
(r − i ")2 =
L(L+ 1)(r + i ")2
(r2 + "2)2
= −L(L + 1)
"2
+O(r2):
Both the even and odd harmonic oscillator wave functions nd in this way their
natural analytic continuation to G 6= 0 and/or to " > 0. The spectrum of their
energies remains real [2].
Once we accept this regularization method we may move to the incompletely
solvable sextic oscillators [4] and to their appropriately regularized partners [5]




At certain couplings b = b(N) they admit the so called quasi-exact solutions, i.e.,
solutions which remain elementary for a mere nite N−plet of levels with an optional
though unbounded integer N = 1; 2; : : : [6]. In the present letter we shall contemplate
the next class of potentials





In a way which is rather unexpected (and in the sense which will be specied below)
we shall show that these decadic oscillators remain quasi-exactly solvable.
In the rst step of our considerations let us remind the reader that the corre-
sponding dierential eq. (1) possesses a pair of the independent solutions with the
well known behaviour near the singularity G=r2 in the complex plane of r 2 IC,
 1(r)  r−L;  2(r)  rL+1:
In such a setting the main idea of our present proposal is inspired mainly by the
two quartic-oscillator studies [7] and [8] and lies in the simultaneous use of these two
solutions,
 [r(x)]  c  (x− i ")−L [1 +O(x2)] + d  (x− i ")L+1 [1 +O(x2)] :
In a suciently straightforward application of this idea we shall, therefore, assume
that the ratio rL+1=r−L is just an integer power of r2. In this way we shall postulate
that 2L+ 1 = 2M and −L < L + 1 which means that M = 1; 2; : : :. In connection
with our previous formulae this just means that the strength of our centrifugal spike
does not remain entirely arbitrary,
G = M2 − (`− 1 +D=2)2 : (2)
With a subsequent full-fledged (and manifestly normalizable) polynomial ansatz of
the indicated type,
















our dierential Schro¨dinger equation (1) becomes converted into a nite set of the
recurrence relations
An hn+1 +Bn hn + Cn hn−1 +Dn hn−2 = 0; n = 0; 1; : : : ; N + 1 (4)
with the usual WKB-inspired parameters,
a = 2; b = 2 + 2; c = c(N) = 2 + 2M − 4N − 6
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and with the elementary coecients
An = (2n+ 2)(2n+ 2− 2M); Bn = E −  (4n+ 2− 2M);
Cn = 
2 − d−  (4n− 2M); Dn = 4 (N + 2− n):
(5)
We may notice that A−1 = 0 and DN+2 = 0. The validity of these rules is vital for
the consistency of our ansatz. In contrast, the third, formally similar consequence of
our assumptions reads AM−1 = 0 and seems redundant in the formal sense. Let us
now pay more attention to its crucial benecial role.
With the rst nontrivial choice of M = 1 we just mimic the four-dimensional
s−wave where L = 1=2. In another perspective, our one-dimensional model acquires
a centrifugal component with certain \critical" strength G = 3=4 [9]. In such a case
we may x E = 0 and discover that the whole set of our recurrences (4) degenerates
immediately to the standard square-matrix recipe. As long as its main diagonal
reads Cn = Cn(d) = 
2 −  (4n − 2M) − d, the N + 1 eigen-couplings d = dk with
k = 1; 2; : : : ; N + 1 may be found numerically at an arbitrary N , by the routine
































In the other words, the whole problem becomes quasi-exactly solvable. This is our
present main result.
It makes sense to introduce here a shifted coupling F = d− 2 + (2N + 2). For
the rst few smallest dimensions N  1 this gives its transparent implicit denitions
F 2 + 16  − 42 = 0; N = 1;
−F 3 + (162 − 64 )F + 256 = 0; N = 2;
F 4 + (160  − 402)F 2 − 1536F + 1444 − 1152  2 + 2304 2 = 0; N = 3;
−F 5 + (802 − 320 )F 3 + 5376F 2 + (8192  2 − 10244 − 16384 2)F
+196608  − 491522 = 0; N = 4;
: : :
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We see that in a suciently broad part of the (; )− plane (or, if you wish, of the
(a; b)− plane of the octic and sextic coupling constants) our (N + 1)−plets of exact
and elementary bound states are numbered by their (real) quadratic couplings dn, i.e.,
form the families of the so called Sturmians. The role of their energy E = 0 is purely
auxiliary and their numbering is mediated by the dierent real dn. The interpretation
as well as possible applications of these multiplets could parallel several similar quasi
exact models. Among them we could recollect, e.g., one of the very rst quasi-
exactly solvable models discovered by A. Hautot in 1972 for the Coulomb + harmonic
potentials [10], or the most elegant non-polynomial anharmonicity  (1 + g r2)−1,
the Sturmian quasi-exact solvability of which has been revealed by G. Flessas in
1981 [11] and explained algebraically in 1982 [12]. In the more modern Lie-algebraic
interpretation of the systems exhibiting a quasi-exact solvability [13] our example is
a more immediate parallel to the recent regularized Coulomb + harmonic force on
the whole line [14], to the asymptotically decreasing quartic model of Bender and
Boettcher [7] and to the family of its spiked generalizations [8]. Within the limited
space of our letter we shall omit all these more or less formal connections (cf. also
the monograph [6] for one of the most exhaustive reviews of these problems).
Returning back to our main story, we may notice that up to now we have ignored
the next very natural option for M = 2. This would replace the above-mentioned
choice of E = 0 (i.e., in eect, of B0 = 0) by the next, virtually equally ecient











; M = 2:
Insertion of these energy-dependent harmonic strengths d = d(E) returns us back
to the same square-matrix secular equation (6) as above. With its three innovated
diagonals
An = (2n+ 2)(2n− 2); Bn = E −  (4n− 2); Cn = 2 −E2=4−  (4n− 4)
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it denes the spectrum En in the same manner as usual, i.e., as roots of a certain
polynomial. Due to the less common origin of this polynomial let us display here the
explicit N = M = 2 secular equation
−E5 − 2  E4 + (−48 + 8 2)E3 + (−96   + 192 + 16 3)E2
+ (−256  − 5122 + 192 2− 16 4)E
−1024  2 − 1280 2 + 4096− 32 5 + 384 3 = 0




In all the subsequent cases with M  3 the similar considerations apply as well.















to be solved in advance at any M  N . We omit here the formulae. They would
be more complicated but may still be easily derived via the computer-assisted sym-
bolic manipulations. A marginal technical remark is due: Once we get a nonlinear
















as a coupled algebraic system, i.e., simultaneously. A pertinent technique of the so
called Gro¨bner bases is already routinely provided by the languages like MAPLE
[15].
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In principle, in the latter \large - M" setting, one might even try to relax our
main simplifying assumption (2) and admit an arbitrary value of the coupling G.
Although this approach need not become hopelessly complicated [16] it would still
require a dierent motivation. Here we would like to re-attract the main attention
to the most elementary construction using M = 1. It admits G = 0 in the odd
dimensions only. In the more common one dimensional case (or for the s−wave in
three dimensions) the presence of the xed G = 3=4 is slightly reminiscent of the so
called conditionally solvable models [9, 17].
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